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The purpose of this paper is to study the following coupled system of two equations of Korteweg–de Vries typeut  aðtÞ½uxxx þ 6ðu2  v2Þux  12uvvx  4bðtÞux ¼ 0;
v t  aðtÞ½vxxx þ 6ðu2  v2Þvx þ 12uvux  4bðtÞvx ¼ 0;
(
ð1Þwhere u ¼ uðx; tÞ; v ¼ vðx; tÞ, from the point of view of the Sophus Lie symmetry theory.
System (1) was proposed in [1] as an important particular case of the formidable generalized coupled variable-coefficient
modified Korteweg–de Vries (CVmKdV) systemut þ r1uxxx þ ðr2u2 þ r3uv þ r4uþ r5v2 þ r6v þ r7Þux
þðr8u2 þ r9uv þ r10uþ r11v þ r12Þvx þ r13u ¼ 0;
v t þ e1vxxx þ ðe2v2 þ e3uv þ e4v þ e5u2 þ e6uþ e7Þvx
þðe8v2 þ e9uv þ e10v þ e11uþ e12Þux þ e13v ¼ 0;
8>><
>>:
ð2Þwhere ri and ei; i ¼ 1; . . . ;13, are arbitrary functions of t. The system (2) was derived by Gao and Tang [2] as a two-layer
model describing atmospheric and oceanic phenomena like interactions between the atmosphere and ocean, atmospheric
blocking, oceanic circulations, hurricanes, typhoons, etc.
In [2] several solutions of (2) were found under some constraints on its coefficients. In [1], Zhu et al. obtained system (1)
by a reduction different than the constraints used in [2], expecting that it could describe more complex physical properties. All rights reserved.
ozhkov), spawn@math.upatras.gr (S. Dimas), nib@bth.se, nailhib@gmail.com (N.H. Ibragimov).
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esting exact solutions were found.
In the present paper we first get the Lie point symmetries of system (1) and prove that it is quasi self-adjoint. With those
two assets available, we obtain conservations laws for that system by using the Noether operator N , see also [3–5]. Calcu-
lating the symmetries of the system (1), obtaining its adjoint system and applying the Noether operator to obtain the con-
served vectors are well-defined algorithmic procedures. Nevertheless, the calculations involved are usually very difficult and
extensive even for the simplest equations. Thus, it may become very tedious and error prone. For that reason the use of com-
puter algebra systems like Mathematica, Maple, Reduce, etc. and of special symbolic packages that are build based on them
are very crucial. One such symbolic package, based on Mathematica [6], has been devised and developed by SD as part of his
PhD thesis [7]. The package, named SYM [8,9,7], was developed from the ground up using the symbolic manipulation power
of Mathematica and the artificial intelligence capabilities which it offers. It was extensively used for all the results in the pres-
ent paper. Namely, for obtaining the symmetries of the system, to get and simplify the adjoint system and the conserved
vectors that emerge from the use of the Noether operator.
In Section 2 we obtain the Lie point symmetries of the CVmKdV system (1). In Section 3 we study the self-adjointness of
this system. Then in Section 4 we establish the conservation laws corresponding to the obtained symmetries exploiting the
self-adjointness properties [3–5].
2. Lie point symmetries
In this section we calculate the Lie point symmetry group of the system (1) applying the Sophus Lie algorithm [10,11]. Our
basic assumption upon system (1) is a – 0 (otherwise we would have a simple system of two uncoupled first order partial







@v ð3Þbe an infinitesimal generator of a Lie point symmetry of the CVmKdV system (1), where n1; n2; g1; g2 are functions of
x; t; u; v .
First we derive the determining equations, a large system of partial differential equations, see A. To obtain all the solu-
tions of the determining Eq. (A.1) we proceed as follows. We first solve a subsystem of the determining equations not con-
taining the arbitrary functions a, b and we substitute its solution back into the system. We repeat the process until the
system that remains includes only equations containing the functions a, b.
Particularly, we select from (A.1) the following sub-system:n2;v ¼ 0; n
2
;vv ¼ 0; n
2
;vvv ¼ 0; n
2
;u ¼ 0; n
2
;uv ¼ 0; n
2
;uvv ¼ 0; n
2
;uu ¼ 0;
n2;uuv ¼ 0; n
2
;uuu ¼ 0; n
2
;x ¼ 0; n
2
;xv ¼ 0; n
2
;xvv ¼ 0; n
2
;xu ¼ 0; n
2
;xuv ¼ 0;
n2;xuu ¼ 0; n
2















;uuu ¼ 0:The solution of the latter can be easily found to be:n2 ¼ F 1ðtÞ; ð4Þwhere F 1 is an arbitrary function of t.
By substituting n2 from (4) in the determining Eq. (A.1) we obtain the reduced system (A.2) from which we select another









n1;vvv ¼ 0; 4uvn
1

























;uvv ¼ 0; g1;uu ¼ 3n
1
;xu;
g2;uu ¼ 0; n
1








;uuv ¼ 0; g2;uuu ¼ 0;




















4uvg1;u þ g1;xxv ¼ 4 vg1 þ u g2 þ v g2;v þ 2n
1
;x
   





;xxv ¼ g2;xvv ; 4vg1 þ 4ug2 þ 4uvg1;u þ 8uvn
1
;x þ g2;xxu ¼ 4uvg2;v :The general solution of the last sub-system is:n1 ¼ F 2ðtÞ  xF 3ðtÞ; g1 ¼ uF 3ðtÞ; g2 ¼ vF 3ðtÞ; ð5Þ
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(A.2). The result is:F03 ¼ 0;
F 1ðtÞa0 þ aðtÞ 3F 3ðtÞ þ F01
 
¼ 0;
4bðtÞF 1ðtÞa0 ¼ aðtÞ 8bðtÞF 3ðtÞ þ 4F 1ðtÞb0 þ F 02  xF03
 
:
Hence, F 3 ¼ a1, where a1 is a constant. Putting F 3 ¼ a1 in the above system we get the following system of two ordinary
differential equationsF 1ðtÞa0 þ aðtÞ 3a1 þ F01
 
¼ 0;
4bðtÞF 1ðtÞa0 ¼ aðtÞ 8a1bðtÞ þ 4F 1ðtÞb0 þ F 02
 
:















aðtÞ ;where a1; a2; a3 are arbitrary constants. Hence, the associated Lie algebra of point symmetries of system (1) is spanned by

















@x  u@u  v@v :
ð7ÞThe commutation table of the Lie algebra generated by (7) is:½;  X1 X2 X3
X1 0 0 X1
X2 0 0 3X2
X3 X1 3X2 0
: ð8Þ3. Self-adjointness
In accordance to [3–5] we introduce the formal LagrangianL ¼ z u;t  4bðtÞu;x  aðtÞ 6 u2  v2
 
u;x  12uvv ;x þ u;xxx
  
þw v ;t  4bðtÞv ;x  aðtÞ 12uvu;x þ 6 u2  v2
 
v ;x þ v ;xxx
  
ð9Þwhere z ¼ zðx; tÞ and w ¼ wðx; tÞ are the nonlocal variables. Then the adjoint system to the system (1) readsz;t  aðtÞz;xxx  6aðtÞðu2  v2Þz;x  12aðtÞuvw;x  4bðtÞz;x ¼ 0;
w;t  aðtÞw;xxx  6aðtÞðu2  v2Þw;x þ 12aðtÞuvz;x  4bðtÞw;x ¼ 0:
(
ð10ÞIt is evident that the system (1) is not strictly self-adjoint.
Now we look for a substitutionz ¼ Uðu;vÞ; w ¼ Wðu;vÞ ð11Þsuch that the system (1) becomes quasi self-adjoint. For this purpose we substitute (11) into (10) and by expressing ut and v t
from (1) we obtain the two identities:U;vvvv3;x þ 12uvðv ;xðW;v þU;uÞ þ u;xðU;v W;uÞÞ  3v ;xðU;uvu;xx þU;vvv ;xxÞ  3ðu;xðv2;xU;uvv þU;uvv ;xx þ u;xxU;uuÞ
þ u2;xv ;xU;uuvÞ  u3;xU;uuu ¼ 0;
W;vvvv3;x þ 12uvðu;xðW;v þU;uÞ þ v ;xðU;v W;uÞÞ  3v ;xðW;uvu;xx þW;vvv ;xxÞ  3ðu;xðv2;xW;uvv þW;uvv ;xx þ u;xxW;uuÞ
þ u2;xv ;xW;uuvÞ  u3;xW;uuu ¼ 0:
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subalgeU;vv ¼ 0; W;vv ¼ 0; U;vvv ¼ 0; W;vvv ¼ 0; W;v þU;u ¼ 0; U;v W;u ¼ 0;
U;uv ¼ 0; W;uv ¼ 0; U;uvv ¼ 0; W;uvv ¼ 0; U;uu ¼ 0; W;uu ¼ 0; U;uuv ¼ 0;
W;uuv ¼ 0; U;uuu ¼ 0; W;uuu ¼ 0:The solution of the above system can be easily found to beU ¼ c1  c4uþ c3v;
W ¼ c2 þ c3uþ c4v ;
ð12Þwhere c1; c2; c3 are arbitrary constants.
Hence the CVmKdV system (1) is quasi self-adjoint. This property enable us in the next section to construct conservation
laws for system (1).
4. Conservation laws
The fact that the system (1) is quasi self-adjoint allows us, with the help of its point symmetries, to use the Noether oper-




For this purpose the nonlocal variables appearing in that formula must be substituted according to (12), namelyz ¼ c1  c4uþ c3v;
w ¼ c2 þ c3uþ c4v:We now use each one of the three symmetries (7) to obtain the following conserved vectors.1
 The symmetry X1 determines the conserved vector:C1 ¼ ðc1 þ vc3  uc4Þu;t þ ðc2 þ uc3 þ vc4Þv ;t ;
C2 ¼ ðc1 þ vc3  uc4Þu;x  ðc2 þ uc3 þ vc4Þv ;x:One can easily see that DxC
1 þ DtC2  0 and therefore it is a trivial conservation law.
 The symmetry X2 determines the conserved vector:C1 ¼ 6ðc2 þ uc3 þ vc4Þv2v ;t þ ðc1 þ vc3  uc4Þð6v2u;t þ u;xxtÞ þ 6u2ððc1 þ vc3  uc4Þu;t þ ðc2 þ uc3 þ vc4Þv ;tÞ
þ 12uvððc2 þ uc3 þ vc4Þu;t  ðc1 þ vc3  uc4Þv ;tÞ þ ðc2 þ uc3 þ vc4Þv ;xxt;
C2 ¼ 12uvððc2 þ uc3 þ vc4Þu;x þ ðc1 þ vc3  uc4Þv ;xÞ  6u2ððc1 þ vc3  uc4Þu;x þ ðc2 þ uc3 þ vc4Þv ;xÞ
þ ðc1 þ vc3  uc4Þð6v2u;x  u;xxxÞ þ ðc2 þ uc3 þ vc4Þð6v2v ;x  v ;xxxÞ:Again, after some calculations one can see that DxC
1 þ DtC2  0 and hence it is a trivial conservation law.





þ 18ðc1 þ vc3  uc4Þv2u;t
Z
aðtÞdt  18u2ðc2 þ uc3 þ vc4Þva 18u2
Z
aðtÞdtððc1 þ vc3  uc4Þu;t
þ ðc2 þ uc3 þ vc4Þv ;tÞ  36u
Z
aðtÞdtðc2 þ uc3 þ vc4Þvu;t  3ðc1 þ vc3  uc4Þau;xx
þ 2uðc1 þ vc3  uc4Þ







aðtÞdtðc1 þ vc3  uc4Þu;xxt





þ ðc2 þ uc3 þ vc4Þ 18
Z







act, it is a priori clear that the conservation laws coming from the first two symmetries will be trivial, see also [10, Section 22.4], since the abelian Lie
bra generated by X1; X2 is an ideal of the Lie algebra, as one can easily see from the commutation table (8).
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Z
aðtÞdtðc2 þ uc3 þ vc4Þvu;x þ 18
Z
aðtÞdtu2ððc1 þ vc3  uc4Þu;x þ ðc2 þ uc3 þ vc4Þv ;xÞ

















v ;x þ 3
Z
aðtÞdtððc1 þ vc3  uc4Þu;xxx þ ðc2 þ uc3 þ vc4Þv ;xxxÞ:After simplifying, the latter conserved vector assumes the following form:C1 ¼ c4 9u2v2aþ ðu;xu;xt  v ;xv ;xt 6u3u;t 6v3v ;tÞ
Z








þ c3ð6u3vaþaðu;xv ;x  vu;xxÞ þ uð6v3a4vbav ;xxÞÞ;





v2 þ 4ðuu;x  vv ;xÞ
Z
bðtÞdt þ 6ðu3u;x þ v3v ;xÞ
Z




þ c3uv :It is worth stating explicitly two particular cases:
First, let c1 ¼ c2 ¼ c4 ¼ 0 and c3 ¼ 1, e.g. we use the substitution z ¼ v and w ¼ u. The conserved vector is:C1 ¼ 6u3vaþ aðu;xv ;x  vu;xxÞ þ uð6v3a 4vb av ;xxÞ;
C2 ¼ uvSecond, let c1 ¼ c2 ¼ c3 ¼ 0 and c4 ¼ 1. In this case the substitution is z ¼ u and w ¼ v . Then the symmetry X3 deter-
mines the conserved vector given in a simplified form:C1 ¼ 9u2v2aþ ðu;xu;xt  v ;xv ;xt  6u3u;t  6v3v ;tÞ
Z













v2 þ 4ðuu;x  vv ;xÞ
Z
bðtÞdt þ 6ðu3u;x þ v3v ;xÞ
Z
aðtÞdt þ ðv ;xv ;xx  u;xu;xxÞ
Z
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Appendix A










































 g2;uu ¼ 0;











 g2;uuu ¼ 0;














n2;xx  g2;xv ¼ 0;




n2;xx  g1;xu ¼ 0;
n1;v þ 4bn
2









;u þ 6a 2uvn
2







;uu þ 6a 4un
2







;vv  6a 4vn
2





g1;t  4bg1;x  a 6 u2  v2
 
g1;x  12uvg2;x þ g1;xxx
 
¼ 0;


















;u þ a 4uvn
2











;xu þ 6a 2un
2




















;xv  6a 2vn
2
















n1;xu  g2;uv þ 4bn
2













;xv þ 6a 6vn
2






















;vv  6a 6vn
2
;v þ u2 þ v2
 









































;xv  6a 3vn
2









;vv  6a 10vn
2
;v þ u2 þ v2
 














































n1;xxu  2g2;xuv þ 4bn
2









































































;xxv þ 6a 4vn
2

















þ 4uvn1;v ¼ 0;
16uvbn2;u  g2;xuu þ 12va 4u2vn
2








þ 4uvn1;u ¼ 0;














þ 4bn2;uuu ¼ 0;














þ 4bn2;uvv ¼ 0;














þ 4bn2;uuv ¼ 0;





















































































































































































36 3u4  2u2v2 þ 3v4
 
a3n2;x þ a 4n






 4bn2a0 þ a2ð12ug1  12vg2 þ 12uvg1;v þ 12uvg2;u






;x þ 3g2;xxv  n
1
;xxxÞ ¼ 0;
36 3u4  2u2v2 þ 3v4
 
a3n2;x þ a 4n






 4bn2a0 þ a2ð12ug1  12vg2  12uvg1;v  12uvg2;u






;x þ 3g1;xxu  n
1
;xxxÞ ¼ 0:The determining equations for the CVmKdV system (1) after substituting (4) become:n1;u ¼ 0; ðA:2Þ































































4uvn1;v þ g1;xvv ¼ 0;
4uvn1;v þ g1;xuu ¼ n
1
;xxu;
F 1ðtÞa0 þ aF01 ¼ 3an
1
;x;
Y. Bozhkov et al. / Commun Nonlinear Sci Numer Simulat 18 (2013) 1127–1135 11354uvg1;uþg1;xxv ¼ 4 vg1þu g2þv g2;v þ2n
1
;x
   
;












;xxv ¼ g2;xvv ;4vg1þ4ug2þ4uvg1;uþ8uvn
1
;xþg2;xxu ¼ 4uvg2;v ;
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